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In [12] Sullivan proved the following finiteness result for simply connected Kahler manifolds. 



Theorem — The diffeomorphism type of a simply connected Kahler manifold is determined 
up to finite ambiguity by its integral cohomology ring and its Pontrjagin classes. 

The aim of this note is to point out that much less of the topology needs to be fixed 
in order to determine the diffeomorphism type of a compact hyperkahler manifold (up to 
finite possibilities). Recall that a hyperkahler manifold is a 4n-dimensional Riemannian 
manifold (M,g) with holonomy Sp(n). If such a manifold is compact it is automatically 
simply connected []I], Prop. 4]. The first Pontrjagin class p\(M) £ H 4 (M,Ij) defines a 
homogeneous polynomial of degree In — 2 on H 2 (M, 1) by a i— > J M a 2n ~ 2 pi(M). 



Theorem 3^3 — If the second integral cohomology H 2 and the homogeneous polynomial 
of degree 2n — 2 on H 2 defined by the first Pontrjagin class are given, then there exist at 
most finitely many diffeomorphism types of compact hyperkahler manifolds of dimension An 
realizing this structure. 

We will also see that instead of fixing the action of pi in the above theorem one could as 
well fix H 2 with the top intersection product on H 2 . This would amount to fixing the action 
ofpo(M). 

The proof of this theorem uses the finiteness result of Kollar and Matsusaka Q, a for- 
mula by Hitchin and Sawon ||, the projectivity criterion for hyperkahler manifolds, and the 
surjectivity of the period map proved in @. 

On any compact hyperkahler manifold (M,g) there exists a P 1 of complex structures on 
M compatible with the metric g. With any of these complex structures the manifold M 
becomes an irreducible holomorphic symplectic manifold. Conversely, any Kahler class on an 
irreducible holomorphic symplectic manifold is uniquely induced by a hyperkahler metric on 
the underlying real manifold M. Once the diffeomorphism type of M is fixed one wants to 
know how many deformation types of hyperkahler metrics g or, equivalently, of irreducible 
holomorphic symplectic complex structures do exist on M. Again, there is only a finite 
number of possibilities. 



Theorem 2.1 — Let M be a fixed compact manifold. Then there exist at most finitely 
many different deformation types of irreducible holomorphic symplectic complex structures 
on M. 
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1 Finiteness of polarized manifolds 



Let X be a projective manifold over C. If L G Pic(X) is an ample line bundle on X, 
then the Hilbert polynomial of the polarized manifold (X,L) is P(X,L,z) G Q[z], such 
that P(X,L,m) = x(X, L® m ) for all m G Z. For some high power m the line bundle 
L® m is very ample and X is naturally embedded into a projective space P^ of dimension 
N = P(X, L,m). The Quot-scheme parametrizing all subvarieties of ¥ N with given Hilbert 
polynomial is projective and therefore has only finitely many irreducible components. In 
particular, the number of deformation types of smooth projective varieties parametrized by 
this Quot-scheme is finite. In [1C] Matsusaka proved that there exists a universal power m as 
above that depends only on the numerical polynomial P(X, L, z) G Q[z] and not on X itself. 

On the other hand, for a given d, ao> a l G Q there exists only a finite number of numerical 
polynomials Pi(z) G Q[z] of degree d with Pi{z) = a^z d + a\z d ~ x + • • ■ that occur as Hilbert 
polynomials of polarized manifolds (X,L) as above ||. 

Note that P(X, L, z) = ^z d — ^7gz]T] ' ] z d ~ x + . . . . Thus one obtains the following result 
due to Kollar and Matsusaka: 



Theorem 1.1 []9|, Thm. 3] - The number of deformation types of projective manifolds X 
of dimension d that admit an ample line bundle L with fixed intersections L d , (Kx -L^ 1 ) G Z 
is finite. 

For manifolds with trivial canonical bundle Kx this becomes 



Corollary 1.2 — The number of deformation types of projective manifolds X of dimension 
d with trivial canonical bundle that admit an ample line bundle L with bounded L d G Z is 
finite. 



The result in particular applies to irreducible holomorphic symplectic manifolds. In order to 
get rid of the supplementary polarization of the manifold one has to show that any irreducible 
holomorphic symplectic manifold can be deformed to one that admits a polarization L with 
bounded L d . This will be done in the next section. 



2 Complex structures on a fixed manifold 

Here we will prove the following 

Theorem 2.1 — Let M be a fixed compact manifold. Then there exist at most finitely many 
different deformation types of irreducible holomorphic symplectic complex structures on M. 

Recall that an irreducible holomorphic symplectic manifold is a compact complex Kahler 
manifold X, which is simply connected and admits a nowhere degenerate two- form a such 
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that the space of global holomorphic two-forms H°(X, fi^l) is generated by ax- It will be 
clear from the proof that 'deformation type' could also be taken in the more restrictive sense 
that just allows families of irreducible holomorphic symplectic manifolds. 

If I is a complex structure on M such that X = (M, /) is irreducible holomorphic symplectic, 
then the Beauville-Bogomolov form qx is a primitive integral quadratic form on H 2 (M, Z) 
with the property that for some positive constant c 

qx(a) n = c [ a 2n . (1) 
Jx 

Clearly, the integral form qx does not change under deformation of /. But in fact qx is 
completely independent of the complex structure. The argument to prove this combines 
results of Fujiki and Nieper and will be given in Sect. ||. We will denote this quadratic form 
on H 2 (M,Ij) by q. Thus, whenever X = (M,I) is irreducible holomorphic symplectic, then 
(H 2 (M,Z),q)^(H 2 (X,Z),q x ). 

Let T be the lattice (H 2 (M,Z),q). The moduli space of marked irreducible holomorphic 
symplectic manifolds 97t r is defined as Wl r ■= {(X,tp)\(p : (H 2 (X,Z),q x ) = T}/ ~. Here, ~ 
is the equivalence relation induced by ±/*, where / : X — > X' is an arbitrary biholomorphic 
map. One proves that 9Jlr has a natural smooth complex structure, which however is not 
Hausdorff. The period map is the holomorphic map V : Wlr - > Qr C P(r ® C), (X,<p) i— ► 
ip(H 2 '°(X)), where Qr is the period domain Qr := {x\q(x) = 0, q(x + x) > 0}. We will use 
the following result |^, Thm. 8.1] 

Theorem 2.2 — 7/9Jt r is a non-empty connected component ofdJtr, then V : 9Jt r — > Qr is 

surjective. 

Let us fix a primitive element / a £ T with q(a) > and consider the intersection S a 
of Qr with the hyperplane H a defined by q(x, a) = 0. The assumption that a is primitive is 
not important, but makes the formulation of some statements more elegant. 

Lemma 2.3 — For any 0^a£T the intersection S a is not empty. 

Proof. Let V be a real vector space with a non-degenerate quadratic form ( , ) of index 
(p,q). If p > 2 then one finds orthogonal vectors yi,?/2 & V, such that (yi,yi) = (y2,U2) > 0. 
Then y = y\ + iy2 € V <8> C satisfies (y, y) = and (y + y,y + y) > 0. Apply this to the 
orthogonal complement V of a € T in T ®% K. Since g has index (3, &2(iVf) — 3), the induced 
quadratic form on V has two positive eigenvalues. □ 

Lemma 2.4 — Ify£S a is generic, then {j3 G T|g(y, /3) = 0} = Za. 

Proof. Clearly, Za C {/3 6 T\q(y,/3) = 0}. If for generic y the right hand side were strictly 
bigger, then S a would equal Sp for some (3 G T linearly independent of a. Thus, the two 
hyperplanes defined by a and j3, resp., would contain the intersection of the quadric defined 
by q and H a . Hence, q restricted to H a would be degenerate, which contradicts q(a) > 0. □ 
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Proposition 2.5 — If (Y,tp) € 9)tp such that y := V(Y,ijj) E S a is generic, then ip : 
Pic(y) = 7La and Pic(y) is generated by an ample line bundle L. In particular, Y is projec- 
tive. 

Proof. One knows that Pic(y) = {/? G H 2 (Y, Z)\qy((5, cry) = 0}. By the previous lemma, 
the first assertion follows from this. Thus, Pic(l") is generated by a line bundle L with 
qy(L) > 0. Hence, the intersection of the positive cone Cy with H 2 (Y, Z) is non-empty and 
by the projectivity criterion |7]] this shows that Y is projective. Therefore, L or L v is ample. □ 

Remark — The proof of the projectivity criterion in [Q] was flawed. A complete proof was 
given recently in the Erratum Q using a new result by Demailly and Paun 01. 

Thus, for any fixed primitive / a G T with q(a) > one can deform any (X, (p) € 9JTr 
to a marked manifold (Y, i/j) € 9Jtr (which then is of course contained in the same connected 
component of 9Jtr) such that (Y, L := ip~ l (a)) is a polarized projective manifold with fixed 
qy(L) = q(a) (use Thm. ^]2| and Lemma |2.3| ). In order to apply the boundedness result of 
Kollar and Matsusaka one has to fix I? n instead. Since the underlying real manifold for the 
different components of 9Jlr and thus the constant c in (1) could be different, fixing qy(L) is 
a priori not enough in order to fix L 2n . 



Proof of Thm. 2.1. Let a G H 2 (M,Z,) be fixed such that a is primitive and q(a) > 0. 
Let / be a complex structure on M, such that X = (M, I) is an irreducible holomorphic 
symplectic manifold. Then fixing a marking if : (H 2 (X,Z),qx) = T = (H 2 (M,7*),q) yields 
a point (X,(p) in the moduli space DJtr- Hence, X is deformation equivalent to a projective 
manifold Y that admits an ample line bundle L with L 2n = c~ l qy(L) = c~ 1 q(a). By Kollar 
and Matsusaka (cf. Cor. |1.2|) the number of deformation types of those is finite. □ 



Note that the argument does not show the finiteness of the number of connected components 
of 9Jtr that parametrizes complex structures on a fixed manifold M is finite. A priori, this 
seems only to be the case modulo the action of Aut(r). 

The theorem is equivalent to a statement about the number of connected components 
of the space of all Sp(n)-metrics on M. Since the pull-back of an Sp(n)-metric under a 
diffeomorphism of M yields again an Sp(n)-metric on M, one only gets a finiteness result 
modulo the action of the diffeomorphism group. 

Theorem 2.6 — The group Diff(M)/Diff°(M) acts on the set of connected components of 
the set of all Sp(n) -metrics on M. The quotient by this action is finite. □ 

3 Using the Hitchin-Sawon formula 

Applying the theory of Rozansky-Witten invariants, Hitchin and Sawon in || proved the 
following formula 
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Theorem 3.1 Thm. 3] — Let (M,g) be a compact Riemannian manifold of dimension 
\n with holonomy Sp(n). Then 

1 1 jd 1 1 In r / 

Here, R is the curvature of (M,g) and A is the ^4-genus of M. By fixing a complex 
structure I on M that is compatible with the hyperkahler metric g we obtain an irreducible 
holomorphic symplectic manifold X = (M,I). Then g and I define a Kahler form uj on 
X. With respect to this Kahler form the norm of the curvature can be expressed as (cf. Q) 
I \ R \ I 2 = (iS)! fx c 2(X)uj 2 j n - 2 and for the volume of M one finds vol(M) = (l/(2n)!) f x uf 1 . 
Furthermore, A{M) = td(X). Hence, the Hitchin-Sawon formula can be rewritten as 

(1^-^ = c j x ^d(X)- (j^ry 1 (2) 

with c = ((^n)!)"- 1 • ^ s ^ s P om ted out in || this immediately yields 

I ^td{X) = [ JA(M) > 0. 
Jx J M 

Clearly, c J x y / td(X) is a rational number which can be written as p/q with positive integers 
p and q, where q is bounded from above by a universal constant c n depending only on 
n. Hence, c j x v / td(X) > 1/ c n . Since any Kahler class u> on an irreducible holomorphic 
symplectic manifold X is obtained as [u>i], this yields 

Corollary 3.2 — Let X be an irreducible holomorphic symplectic manifold of dimension 
2n. If u is any Kahler class on X, then J x lo 2u < ^ ■ (f x C2(X)lo 2ti ~ 2 ) where c n 

depends only on n. □ 



Theorem 3.3 — // the second integral cohomology H 2 and the homogeneous polynomial 
of degree 2n — 2 on H 2 defined by the first Pontrjagin class are given, then there exist at 
most finitely many diffeomorphism types of compact hyperkahler manifolds of dimension An 
realizing this structure. 

Proof. Let M be any compact real 4n-dimensional manifold and let / be a complex structure 
on M. Then, p\{M) = — 2c2(X), where X = (M,I). In particular, the action of C2(X) on 
H 2 (X,Ij) = H 2 (M,Z,) does not depend on the chosen complex structure /. By assumption 
the second cohomology H 2 of M as an abelian group and the homogeneous polynomial 
a i— > f x a 2n ~ 2 pi of degree 2n — 2 on H 2 are fixed. If X = (M, I) is an irreducible holomorphic 
symplectic manifold that admits an ample line bundle L G Pic(X), then L 2n is bounded from 
above by cl/^ n 1 \f x — jp" -L 2n ~ 2 ) . Thus, by Kollar-Matsusaka the number of deformation 
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types of these complex manifolds is finite. Using the surjectivity of the period map and 
arguing as in the proof of Thm. 2.1, one concludes that the number of diffeomorphism types 
of compact manifolds M of dimension 4n carrying a Riemannian metric with holonomy Sp(n) 
is finite. □ 



Corollary 3.4 - - The number of deformation types of irreducible holomorphic symplectic 
manifolds X of dimension 2n with given H 2 (X,Z) (as abelian group) and given homogeneous 
polynomial H 2 (X,Z) — ► Z, a h-> J x a 2n ~ 2 C2(X) is finite. □ 

4 Finiteness for fixed quadratic form 

Let X be an irreducible holomorphic symplectic manifold and qx the Beauville-Bogomolov 
form on H 2 (X,Z). If a generates H°(X,£l x ) such that f x (aa) n = 1, then qx is a scalar 
multiple of the form fx(oc) = ( n /2) J x 2 {o-a) n ~ 1 + A/i, where a = Xa + \ia + @ is the Hodge- 
decomposition of a. Usually, qx is chosen such that it becomes a primitive integral form 
on H 2 (X, Z) . Note that qx usually does not define the structure of a unimodular lattice on 
H 2 (X,7j). So classification theory of unimodular lattices cannot be applied. Due to a result 
of Fujiki (cf. 0, 1.11] or U) one has 

Theorem 4.1 []5|, 4.12] - There exists a constant c G Q such that for all a € H 2 (X) 



c-q x (a) = I yJtd{X)a 2 
x 



Note that ytd(X) does not depend on the complex structure /. Since all odd Chern classes 
of X are trivial, y/td(X) is a universal expression in the Pontrjagin classes of the underlying 
real manifold M. 

A priori, the constant c could be trivial or negative. That this is not the case follows from 



a result of Nieper |ll | 



Theorem 4.2 — For any a S H 2 (X) one has 

[ ^tdJX)eMu) = (1 + A(a)) n f \/td(X), 
Jx Jx 

where X is a positive multiple of the quadratic form fx (or equivalently of qx)- 

In fact A and fx differ by 12/ f x C2(X)(aa) n ~ 1 . The formula in particular gives back (1). 
More generally, it yields 



x 



x /td(X)a 2k = (2fc)! (?) A(a) fe J y/td(X). 
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For k = 1 one obtains J x y / td(X)a 2 = 2(") J x y/td(X)\(a). Thus the constant c in Fujiki's 
result is a positive multiple of (J x y/td^X)) -1 . The latter is positive as was observed by 
Hitchin and Sawon. Note that Nieper's result also nicely generalizes the Hitchin-Sawon 
formula (2) to 

{L «> 2 f - hit))" {<k.L a2n ) k ■ (/* 

Hence, for two different irreducible holomorphic symplectic structures X = (M, /) and 
X' = (M, I') on a manifold M the associated quadratic forms qx and qx> differ by a positive 
multiple and, therefore, are equal. This was used in Sect. ^. 

Let us define the unnormalized Beauville-Bogomolov form qx on H 2 (X) by qx(&) '■= 
d n f x \/td(X)a 2 , where d n is a universal integer (of no importance) depending only on n 
such that d n (y / td(X)) 4n _ 4 is universally an integral class. This quadratic form qx is a 
positive integral multiple of the primitive form qx- As one usually does not have much infor- 
mation about the divisibility of Chern classes, it looks, at least from this point of view, more 
naturally to work with qx instead of the primitive form qx- 

As it is widely conjectured, a global Torelli theorem for higher dimensional hyper kahler 
manifold should assert that two irreducible holomorphic symplectic manifolds are birational 
whenever there exists an isomorphism H 2 (X,1 1 ) = H 2 (X',Z,) that respects Hodge structures 
and the Beauville-Bogomolov quadratic forms qx and qx>, resp. A modified version of it 
would replace qx and qx> by the unnormalized Beauville-Bogomolov forms qx and qx>, resp. 
Note that the modified version is a consequence of the original one, but it is, a priori, weaker. 
Here one uses that a birational map X— — > X' induces an isomorphism H*(X) = H*{X') 
that maps c(X) to c(X'). 

From this point of view, it seems reasonable to replace (H 2 (X, Z), qx) by (H 2 (X, Z), qx) 
also in the finiteness question we are interested here. The proof of the following theorem is 
omitted as it uses arguments already explained in the previous sections. 

Theorem 4.3 — There exists only a finite number of deformation types of irreducible holo- 
morphic symplectic manifolds X of fixed dimension such that the lattice (H 2 (X, Z), qx) is 
isomorphic to a given one. 

It should be clear from the discussion that fixing the lattice (H 2 (X, Z), qx) is actually too 
much. Everything that is needed is a class a G H 2 (X,Z) with fixed qx( a ) > 0. Thus, for 
any k € Z>o there is only a finite number of deformation types of irreducible holomorphic 
symplectic manifolds X that admit an element a € H 2 (X,7j) with qx( a ) = k. 

Acknowledgement: I would like to thank Manfred Lehn, Marc Nieper, and Justin Sawon 
for comments and useful conversations. 
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